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Examples
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. i Extended
» hermitean supercharges Q;, i=1,...,N e Tk
Operator
1
diH = 3 {Qi,9j} = [Qi,H] =0
» hermitean grading operator '

{Qi,Ty=0, I'=r, =1
» spec(l) = +1: Hilbert-space decomposes

H=Hg®Hpr, Qi:Hpr— Hrs

v

prominent examples
d = 1: Nicolai-Witten, d > 1: Andrianov, Borisov, loffe
low-energy sector of susy field theories, ...
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two real supercharges

Extended
Supersymmetry of

H = Q? = Q%v {Q‘I 3 QZ} = 0 squared Dirac

Operator

= nilpotent complex supercharge

Q= %(91 +iQp), Qf = %(@ —iQp)
Hamiltonian
H={Q, 0}, 9°=0 and [Q,H]=0

four real supercharges = 2 nilpotent supercharges ...
realizations: Euclidean Dirac operator in curved spaces

Gunv = ERER o , {TM TN}y =2GMN
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covariant derivative on spinors (with gauge field Ay) Extended

Supersymmetry of
squared Dirac

DM — 8/\/7 + QM + AM Operator

geometry: spin-connection Qy
hermitean Dirac operator in D dimensions

iD= irMDy

» even dimensions: generalization I of 45 with {I', D} = 0
trivial’ chiral N' = 2 supersymmetry

Q1=ilp, Q=TD

here: aiming at finer complex structure
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super-Hamiltonian
Extended
Supersymmetry of
squared Dirac

H = _wz — —GMNDMDN — %FMNfMN Operator

Fun: Riemann-curvature and Yang-Mills field strength
Fun = [Dm, Dn] = Fun + Run

question: are there other first order operators Q; with
Q2 = — " and forming a super-algebra?

Class of operators: free Dirac operator, 2 dimensions,
Rittenberg + deCrombrugghe (1983), our earlier work

Q(7) = iIMN rNDy, IMN(X) . real tensor field
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Lemma: The N hermitean charges Extended

Q) =ip and Q(Zy),...,Trn—_1)

squared Dirac
Operator

generate an extended superalgebra < I,.T = —7; and
{Iivz.j} = —2(5,'/']]_07 VIi= (:)7 [II.’ F] -0

» 7, define complex structures

» integrability condition for VI =0 = [Z,R] =0
» N =2 <= space is Kdhlerand [Z,F] =0

» N =4 < space is hyper-Kahler and [Z;, F] = 0
» flat space with D = 4 = F (anti) selfdual
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N = 2 = even-dimensional space D = 2n:

Extended
Supersymmetry of

T = i0'2 ®R1l, = F = oo ® A+ i0-2 ® S (s:)q:;;e‘grDirac
A: anti-symmetric, S: symmetric

D = 4 dimensions: E; = B; and E3 = B;
N =4=dmensionD=4n:7;=71® 1,

ASD : {7y, 71,73} = {iog ® 02, 02 ® 03,i00 ® 01}
field strength

F=140A+H QS +7H® S+ ®S;
SD: {1,71,73} = {iog ® 02,i02 @ 00, oy @ 02}

4 dimensions: F self-dual: E = B (Annals of Physics 315)



On the structure of the supercharges
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local coordinates {z*,z"} on complex manifold
change of coordinates x « {z* zF}, u=1,...,n

dz' = f,dxM . dzF = f7,dxM
Ou="™M0m , 0p=M0u

complex structure
i™y = f"”#f“N — f"/’ﬁf"N
line element
ds? = GuvaxMaxN = 2h,,;dz"dz”

Kahler space: h,p = 0,0:K
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» complex covariant derivative Andreas Wit

Dy =™ ,Dy=0,+w,+A,
D; = M. Dy = 05 + wp + Az

On the structure of the
supercharges

» lowering/raising operator

P = %fﬂMrM , piF %fﬁMrM =
vy =0 {o 0} = %hﬂ”,
» conserved fermion-number operator
N = 2ha, 0" = [N, 97] = =47

> use oMy = M, + M. fF,, — decomposition

iD= Q+ Qf =2i"D, + 2" Dy
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Kahlerand F =7'FT —
[Dy, D] = Fpp = M N, Fuy = 0
integrability condition for complex superpotential
wu+ Ay =90,97")

wy, A, € complexified Lie algebras
= very useful deformation formula

Q=999 " , O =g7'TQlgf
Q =10, , Q=i os

constant fermionic lowering and raising operators

v =g g, @ = glyrgT
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» problem: how to calculate prepotential g?

g=9a9.  9ga=path ordered integral of A,

g., = complex n-bein in spin-representation

e Summary

» if /[) admits extended complex supersymmetry =

iD=Q+Qf, Q*=Q0” =0, Q=g "'Qug

» H={Q,Q} commutes with N = decomposition of H:

H=Ho®Hi®...®Hp, with Ny, =p-1

» block-diagonal form of super-Hamiltonian

H|Hp

» complex QF : Hy — Hpy

)

second order matrix-Differential operator

Q : Hp _>pr1
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Dirac-operator on CP"
Andreas Wipf
» homogeneous coordinates u € C™', o-u =1
» local coordinates
1 -
u= —(1,2)7 p2 = 1 +Z- Z’ Z € (Dn Dirac-operator on
p zg:cp;l:x projective
» Fubini-Study metric
dz-dz z-dz)(z-dz
o ED
p P
» Kahler potential K = log p?

hﬁ’/ - 8,18UK - 1

26&5e°/§eﬁl,

» connection (1,0)-Form wi; = €%9,,654, etc.
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» neven: must add U(1) gauge potential ’
k 5 —kK /4 —k/2
A:Z(a—ﬁ)K:>gA:e =p
» neven (odd) = k odd (even) Diracgperatoron
complex projective
» pre-potential g, known, complicated spaces
e Zero-modes of [
» index theorem on CP" Dolan 2002
. 1 2)... k—n-1
index(llZ)) — (Q+ )(Q+nl) (q+n)’ qg= +

» all zero-modes are in extremal sector N = n

n+1

g‘*”N:n:p 2
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let x € H, = Qfy = 0 algebraically

remains
0=0Qx+= Q(g 'x)=0, g=pl"0"2
all explicit zero-modes (Ivanov, Mezincescu, Townsend 2004)

x = 9(p) (zi)m (2T ,(/)ﬁ y ~1pﬁ7|0>
square integrable for
n
> mie{0,1,2,...,q}
i=1

total number = index(D)
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complex projective
spaces



From [D to susy-QM in n dimensions
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2n-dimensional flat space, U(1) potential Ay

[F,Z] = 0 = N = 2 susy, conserved N

if AMa), vanishes — [° matrix-Schrédinger-operator

dimensional torus reduction
space Rx...xRx8'x...x8
coordinates (x',.oxme L0, 27 = x4 07
Aum ZAM(X1,...,Xn) = set Jypa =0 <= 0;a = %axa
assume further Ay = Ao =--- = A, =0 =
o 4 1 0
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» nilpotent supercharges frdese et
Q = e XQue¥, Qo= i,
of = er(’ge—x7 sz) = ip?to,
» de- and increase conserved fermion number by 1
z”: ; St e
N = Yatba

a=1
» N-conserving super-Hamiltonian (xap = 920pX)

d

H=(—A+(Vx)?+ AX)1p — 2 Z Wk Xab b
a,b=1

Andrianov, Borisov, loffe (1984); Cooper, Khare, Musto, Wipf (1988)



ot ot ot ot
Ho —— Hs ‘Q—Hz SN\ Ha 'Q—Hn—l Ol H,
E1T ] . | .
‘ i \\
QH ‘ QfH | QH ‘ QfH | QK ‘ Qi | QM ofH | QH | QM

v

decomposition

H=Ho®H1D...9Hnp

> H|», matrix Schrodinger operator, (Z) dim. matrix
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N = 2 Susy lattice field theories

1-dimensional lattice, sites n€ {1,..., N}

vV v v v

identification: coordinates « lattice fields

o) = () v = (V) o) -

» free supercharges

Opa(n)

a=1,2 a=1,2

n=N 9 n=N
Qo =1 van) . Qb =1 wl(n)

» how to choose x(x) = x(¢)?

lattice field #(n) € R? and momentum field 7(n)
need 2N variables x2 (Dirac operator in 4N dimensions)

pien-1
( wTZn

0
Opa(n)

)
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Dirac-Hamiltonian in 2 dimensions
/ oThey  with  he = —iv, 8 + my°

comes from - x4 = x o Y- oheo + ...
x real = choose adapted representation

V=05, ' =ior, %=7""=-02
free massive field theory

X" = —3(6, hed) = —5(6, hEe) + > f(4(n))

with harmonic target-space function

f(¢) = —3m(p,7°¢) = Im(¢3 — #%)
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interacting theory Andreas Wipf

—3(8,h2d) + > f(o( Af=0

let f(¢) + ig(¢) be analytic function of ¢¢ + ip»
bosonic part of super-Hamiltonian
8 f 8 f From Diracoperator to
HB = %(71', 7T) — %((]S, A¢) =+ % <8¢ a(b) Z susy lattice models

would-be central charge

og ag
7= <¢ M‘)(&b a‘”)

fermionic part with Yukawa-term

He = (¢, h&y) — (,7°T400) . Ty = f11(¢) — ivf12(8)
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example: cubic superpotential = ¢* model

f+ig = Moy + i2)%/3

super-Hamiltonian

Hg =
He =

3(mm) — 3o, Bd) + (0, h20) + 1N2 (6, 0)° + Z
—2X (¥,7%(1 + inep2))

‘central term’ = almost surface term (no Leibniz-rule)

Z =2\ (¢162,07¢1) — A (6% — 63, 062)

ground state for quadratic f known: in sector Hy of

H=Ho®H1D - D Hon_1D Hon
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by construction: lattice models have partial susy
non-standard action: choice of 0 is important!
ground states in strong coupling limit known
number for arbitrary coupling known
similar construction and results for A/ = 1 model
dimensional reduction of [0 on curved spaces =
supersymmetric lattice sigma-models

Kirchberg, Lange, Wipf, Annals of Physics 316, 357
generalisatons?
starting point for high precision simulations of WZW
Késtner, Bergner, Uhimann, Wipf, Wozar: Phys. Rev. D 78, page 095001
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» motion in Newton/Coulomb potential
Hermann, Bernoulli, Laplace, Runge, Lenz, Pauli

» angular momentum, Runge-Lenz vector

L X C 1 ( x L — L x ) ¢
=7r s = — —_ - T
p om p p r
> on bound States The supersymmetric
Hydrogen atom
—-m
K== C

2H

» dynamical SO(4) symmetry (h = 1)
[La, Lb] = leapcle

[Lav Kb] = leapcKe
[K37 Kb] = iEabch



v

v

v

v

v

Casimirs

C=I°+K? , C'=L-K=0

Coulomb-Hamiltonian

me* 1

H=—%rm

only symmetric representations
group theory = spectrum, wave functions
d dimensions: dynamical SO(d-+1)-symmetry

Lab ’

Ky ox Cq = Labpp + polan — 77Xa/r
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v

dimensional reduction of 6-dimensional [
in 3 dimensions: H = Ho ® H1 ® H2 ® Hsz and

H={Q,Q"} = Hy®@Lpw—2 itpdadox
= Hs®@1pe+2> vatpf0adox

v

The supersymmetric
Hydrogen atom

v

H commutes with @, 9t and N, 92 =0
H|3,, H|n, ordinary Schrédinger operators

v

Ho=-A+(Vx,Vx)+ Ax
Hs = —A +(Vx, Vx) — Ax

v

H|s,, H|1, are 3 x 3-matrix-Schrédinger operators



» Hodge-decomposition

H=0H&®Q'Ha&KerH

of Qf of
Ho Hy Ha H:
of of of
E L o - — —
B B E
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particular superpotential x(r) = —\r
H:(—A+>\)]lg—78, B=1-N+S§'S

lowering operator S = & - v
Hamiltonians in sectors N=0and N =3

Ho = —A+ X% — 27)\ pe~ system
Hy = —A+ )2 + 2%\ pe" system
susy extension of conserved total angular momentum
J=L+S=xzxp—ip xa

x, ) vectors; S, B scalars
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susy extension of conserved Runge-Lenz-vector
C=pANJ—-—JAp-—-2\&B

discrete spectrum C [0, \2):

J, K generate SO(4) symmetry algebra
no algebraic relation H = H(N, J, K), but

NC=K?H + (J2+(1-N)?) Qof
+ (JP+(2-NP) Q0

second order Casimir

C=J?+K?
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OH, QVH, Ker(H) invariant under H

C
Hlg, =X s
lor = (1-=N)2+cC
C
__ 2
H|Q*H =2 (2-N2+cC
supersymmetric ground state: SO(4) singlet
realization of so(4) on H = allowed representations
discrete spectrum, degeneracies, eigenfunctions
generalization to higher dimensions —
branching rules SO(d — 1) — SO(d)

— allowed SO(d + 1) representations
Kirchberg, Lange, Pisani, Wipf, Annals of Physics 303, page 359
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» hyper-Kéahler:

4k-dimensional manifold with holonomy Sp(k) =

Ricci flat, Calabi-Yau, since Sp(k) C SU(2k)

d = 4: Kz-manifold, T*

k > 4: Kummer varieties, . ..

non-compact: G/H, G quaternions, H C Sp(1) discrete e st

dimensional reduction of sd-Yang-Mills Hydrogen atom

instanton and monopole moduli spaces
» Kahler:

C", C"/A, Riemann-surfaces, CP", K3
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